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Abstract— We present some results attained with two variants of  
the bounded dynamic programming algorithm to solve the 
Fm|block|Cmax problem using as experimental data the well-
known Taillard instances. We have improved the best-known 
solutions for four of the Taillard’s instances. 

Keywords:  Scheduling, BDP algorithms, blocking flow shop 

I.  INTRODUCTION  
This work deals with the permutation flow-shop scheduling 

problem without storage space between stages. If there is 
enough storage space between machine j and machine j+1, the 
job i can wait there for the next operation, machine j is released 
and can work on another job. But, if there is no storage space 
between stages, then intermediate queues of jobs waiting in the 
system for their next operation are not allowed. If operation on 
machine j for a job i is finished and the next machine, j+1, is 
still busy on the previous job, the completed job i has to be 
blocked into machine j. For simplicity purposes we call BFSP 
(Blocking Flow Shop Problem) the problem considered and 
PFSP (Permutation Flow Shop Problem) the equivalent case 
with unlimited storage space.  

The most common criterion, here considered, is the 
minimization of the makespan or maximum completion time. 
Using the notation proposed by [1] the problem BFSP is 
denoted as Fm|block|Cmax (and the PFSP as Fm|prmu|Cmax).  

Reference [2] published a review on flow shop with 
blocking and no-wait in-process. If the number of machines is 
two, in [3] is showed that the problem F2|block|Cmax can be 
reduced to a travelling salesman problem (TSP) with n + 1 
towns (0, 1, 2, ..., n) which can be solved in polynomial time 
using the algorithm proposed in [4,5] . The sequence of towns 
in an optimal path corresponds to an optimal permutation for 
the original problem. Reference [2] showed, using results from 
[6], that Fm|block|Cmax problem for m ≥ 3 machines is strongly 
NP-hard. In [7] a branch-and-bound algorithm, which uses an 
elaborated lower bound, is presented. In [8], a competitive 
double branch-and-bound algorithm, which uses the 
reversibility property of the problem, is proposed. Both 
references [7,8] reported solutions for the well known 
Taillard’s benchmarks [9]. 

Since the problem is NP-hard several heuristic procedures 
for Fm|block|Cmax has been presented. Reference [10] studied a 
special case and proposed the constructive profile fitting 
heuristic to solve it. Reference [11] adapted some procedures 
proposed for the PFSP and concludes that NEH heuristic, 
proposed by [12], has a good behavior. Reference [13] 
proposed four heuristics procedures, two of them based on 
NEH heuristic, [14] proposed a genetic algorithm (GA). 
Reference [15] presented two tabu search algorithms (TS), 
which are evaluated using the solutions obtained by [7]. 
Reference [16] proposed a hybrid genetic algorithm (HGA), 
[17] proposed an algorithm based on particle swarm 
optimization (HPSO), [18] proposed an algorithm based on 
differential optimization (DE). More recently, [19] proposed an 
hybrid discrete differential evolution algorithm (HDDE) and 
compared their results with the obtained by the tabu search 
algorithm proposed in [15]. Finally, in [20], an iterated greedy 
algorithm (IGA), which outperforms the HDDE, is presented. 
In this reference it can be found an updated list of best known 
solutions for the Taillard’s benchmark.  

For this manuscript, we used a procedure based on BDP 
(Bounded Dynamic Programming). This procedure combines 
features of dynamic programming (determination of extreme 
paths in graphs) with features of branch and bound algorithms. 
The principles of Bounded Dynamic Programming have been 
described by [21] and [22]. Previous work on similar 
approaches has been done by [23] and [24], and extended by 
[25]. 

This manuscript is organized as follows. Section II presents 
the problem description. Section III describes the graph 
associated with the problem under consideration and 
establishes dominance properties between their vertices. 
Section IV proposes overall and partial bounds on the Cmax 
value shown by the sequences. Section V introduces a 
procedure based on BDP to solve the problem under 
consideration. Section VI describes the computational 
experiments performed and presents the results. Finally, 
Section VII shows the conclusions of the study. 

II. PROBLEM DESCRIPTION 
At time zero, n jobs must be processed, in the same order, 

on each of m machines. Each job goes from machine 1 to 
machine m. The processing time for each operation is pi,k, 

978-1-61284-333-9/11/$26.00 ©2011 IEEE 8



where k ∈ K = {1, 2,.., m}  denotes a machine and i ∈ I = {1, 
2,.., n} a job. Setup times are included in processing times. 
These times are fixed, known in advance and positive. The 
objective function considered is the minimization of the 
makespan (Cmax). 

Given a permutation, π , of the n jobs, [t] indicates the job 
that occupies position t in the sequence. For example, in π  = (3, 
1, 2) [1] = 3, [2] = 1, [3] = 2. For this permutation, in every 
machine, job 2 occupies position 3. In a feasible schedule 
associated to a permutation, let sk,t be the beginning of the time 
destined in machine k to job that occupies position t and ek,t the 
time of the job that occupies position t releases machine k. The 
Fm|prmu|Cmax problem can be formalized as follows: 

    

� 

sk , t + p[t ],k ≤ ek , t  k=1,2,..,m t=1,2,..,n  (1) 

    

� 

sk , t ≥ ek , t−1  k= 1,2,..,m t=1,2,..,n (2) 

    

� 

sk , t ≥ ek −1, t  k= 1,2,..,m t=1,2,..,n (3) 

    

� 

Cmax = em,n  (4) 

Being 

� 

ek,0 = 0 ∀k , 

� 

e0,t = 0 ∀t , the initial conditions. 

The schedule is semi-active if equation (1) is written as  

    

� 

sk , t + p[t ],k = ek , t and equations (2) and (3) are summarized as 

    

� 

sk , t = max{ek , t−1, ek −1, t} . 

When there is no storage space between stages, 
Fm|block|Cmax problem, if a job i finishes its operation on a 
machine k and if the next machine, k + 1, is still busy on the 
previous job, the completed job i has to remain on the machine 
k blocking it. This condition requires an additional equation (5) 
in the formulation of the problem. 

    

� 

ek , t ≥ ek +1, t−1 k= 1,2,..,m t=1,2,..,n (5) 

The initial condition     

� 

em+1, t = 0   t=1,2,..,n must be added. 

The schedule obtained is semi-active if equation (1) and (5) 
is summarized as (6): 

      

� 

ek , t = max{sk , t + p[t ],k , ek +1, t−1} ∀k ,∀t  (6) 

Consequently, the Fm|prmu|Cmax problem can be seen as a 
relaxation of the Fm|block|Cmax problem. 

A mathematical formulation associated with the problem 
Fm|prmu|Cmax can be found in [26]. For the Fm|block|Cmax, the 
restrictions resulting from the expression (5) should be added 
to this formulation.   

III. GRAPH ASSOCIATED WITH THE PROBLEM 
Similar to [22] and [27], we can build a linked graph 

without loops or direct cycles of T+1 stages. The set of vertices 
in level t (     

� 

t = 0, ...,T ) will be noted as     

� 

J(t) .     

� 

J(t, j)  
(    

� 

j = 1, ..., J(t) ) being a vertex of level t, which is defined by 
the triad (      

� 

 q (t, j),  e (t, j), Cmax (t, j) ), where: 

•       

� 

 q (t, j) = (q1(t, j), ..., qn(t, j)) , where     

� 

qi(t, j) ∀i  takes 
the value 1 if the job i has been completed and the 
value 0 in the opposite case. 

•       

� 

 e (t, j) = (e1(t, j), ..., em(t, j))  represents the vector of 
completion times of the operations at the stations. 

•     

� 

Cmax (t, j)  represents the completion time of the last 
programmed job, at stage t and vertex j. 

The vertex     

� 

J(t, j)  has the following properties: 

    

� 

qi(t, j) = t
i=1

n

∑  (7) 

    

� 

qi(t, j) ∈ 0,1{ } ∀i  (8) 

    

� 

Cmax (t, j) = em(t, j)  (9) 

 

In short, a vertex     

� 

J(t, j)  will be represented as follows:  

      

� 

J(t, j) = {(t, j),  q (t, j),  e (t, j)} (10) 

At level 0 of the graph, there is only one     

� 

J(0)  vertex. 
Initially, we may consider that at level t,     

� 

J(t)  contains the 
vertices associated with all of the sub-sequences that can be 
built with t jobs that satisfy properties (7) and (8). However, it 
is easy to reduce the cardinal that     

� 

J(t)  may present a priori, 
establishing the following relationship of dominance and 
equivalence: 

  

� 

J(t, j)  J(t, j ')⇔ [ q (t, j) =  q (t, j')]∧ [ e (t, j)   e (t, j')] (11) 

  

� 

J(t, j) ≡ J(t, j ')⇔ [ q (t, j) =  q (t, j')]∧ [ e (t, j) =  e (t, j')] (12) 
With these relationships, we can reduce the search space for 

solutions in the graph. Therefore, at level t of the graph,     

� 

J(t)  
will contain the vertices associated with non-dominated and 
non-equivalent sub-sequences, and at level T,     

� 

J(T)  will 
contain all the vertices associated with non-equivalent and non-
dominated completed sequences. 

A transition arc through the type of job i exists between 
vertices     

� 

J(t, j)  of level t and vertex     

� 

J(t +1, ji)  of level t+1 in 
the following case: 

      

� 

 q (t, j)   q (t +1, ji)  (13)  

For vertex     

� 

J(t +1, ji)  to be completely defined through the 
transition from     

� 

J(t, j) , it is necessary to determine: 

      

� 

J(t +1, ji) = {(t +1, ji),
 q (t +1, ji),

 e (t +1, ji)}  (14) 

as follows: 

    

� 

qi(t +1, ji) = 1  (15) 

    

� 

qh(t +1, ji) = qh(t, j) ∀h : h ≠ i  (16) 

    

� 

ek (t +1, ji) = max
ek (t, j) + pi,k ,
ek −1(t +1, ji),

ek +1(t, j)

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

⎫ 

⎬ 
⎪ 

⎭ 
⎪ 

∀k ∈ K  (17) 
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where     

� 

e0(t +1, ji) = 0 . 

Indirectly, contribution to the partial     

� 

Cmax  generated in the 
transition from     

� 

J(t, j)  to     

� 

J(t +1, ji) may be calculated by 
incorporating the job i to the latter vertex, as follows: 

    

� 

a((t, j) → (t +1, ji)) = em(t +1, ji) − em(t, j)  (18) 

Under these conditions, finding a sequence that optimises 
the total     

� 

Cmax  is equivalent to finding an optimum path from 
vertex     

� 

J(0)  to the set of vertices     

� 

J(T)  of stage T. 

Therefore, any algorithm of extreme paths in the graphs is 
valid for finding solutions to the proposed problem. However, 
realistic industrial problems where n and m are large give rise 
to graphs with a large number of vertices. Therefore, we 
recommend resorting to procedures that do not explicitly 
require the presence of all of the vertices for calculation. 

IV. BOUNDING THE VALUES OF THE SEQUENCES 
First, we establish overall bounds for     

� 

Cmax , and then we 
establish the bounds associated with the path for building 
(complement) when a segment or subsequence of t members 
has already been built. 

A. General bounds for Cmax 
If we account for the machines independently, then we can 

write the following: 

    

� 

LB1(k) = pi,k
i=1

n

∑ +

+ min
(i,h)∈I : i≠h

pi, ′ k + ph, ′ k 
′ k = k +1

m

∑
′ k =1

k −1

∑
⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
∀k ∈ K

 (19) 

which is a bound of     

� 

Cmax , through the machine k. 

Therefore, considering all machines, we have the 
following: 

    

� 

LB1= max
k∈K

LB1(k){ }  (20) 

In the same manner, we can also consider a bound for     

� 

Cmax  
through the job i: 

    

� 

LB2(i) = pi,k
k =1

m

∑ + min
k∈Kh∈I :h≠ i

∑ ph,k{ } ∀i∈ I  (21) 

Considering all the jobs, then we have: 

    

� 

LB2 = max
i∈I

LB2(i){ }  (22) 

B. Bound of Cmax through a given segment 
Reference [26] proposed a directed graph for the 

computation of the makespan on the Fm|block|Cmax problem, 
where Cmax is the length of the critical path. The length of any 
path from the initial node to the final one is a lower bound of 
the critical path length. We use in our bound the simplest paths 
proposed by [28] in his pioneering work.  

Let us assume that we have built a path from     

� 

J(0)  to 
vertex     

� 

J(t, j) , and thus we have the information       

� 

 q (t, j)  and 
      

� 

 e (t, j) . 

To complete a sequence up to stage T, we will need to link 
with     

� 

J(t, j) , T-t vertices, associated each of them with a 
different unscheduled job.  

Under these conditions, we can delimit     

� 

Cmax  through the 
vertex     

� 

J(t, j)  adapting the overall bound LB1. 

    

� 

LB1(t, j) = max
k∈K

ek (t, j) + pi,k +
i∈I :

qi (t, j) =0

∑

+ min
i∈I :

qi (t, j) =0

pi, ′ k 
′ k = k +1

m

∑
⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 

⎧ 

⎨ 

⎪ 
⎪ 

⎩ 

⎪ 
⎪ 

⎫ 

⎬ 

⎪ 
⎪ 

⎭ 

⎪ 
⎪ 

 (23) 

If we focus on the jobs, we will have: 

    

� 

LB2(t, j) = e1(t, j) + max
i∈I :

qi (t, j) =0

pi,k
k =1

m

∑ +

+ min
k∈K

ph,k{ }
h∈I −{i}:
qh (t, j) =0

∑

⎧ 

⎨ 

⎪ 
⎪ ⎪ 

⎩ 

⎪ 
⎪ 
⎪ 

⎫ 

⎬ 

⎪ 
⎪ ⎪ 

⎭ 

⎪ 
⎪ 
⎪ 

 (24) 

V. THE USE OF BOUNDED DYNAMIC PROGRAMMING 
The procedure we propose (from [22], [27] and [29]) is 

called BDP (bounded dynamic programming) and consists of 
generating a part of the graph described in section III from 
level 0 to level T, one level at a time. 

The generated vertices may potentially form a part of an 
optimum path (from 0 to T) that is based on the construction of 
an optimum segment of t stages, from     

� 

J(0)  to     

� 

J(t, j) , and on 
the evaluation of the bound of Cmax to reach stage T, for 
example     

� 

LB1(t, j) . 

The procedure only keeps the information of two 
consecutive stages in memory, t and t+1 (    

� 

t = 0, ...,T −1), for 
which it uses the following lists     

� 

Λ(t)  and     

� 

Λ(t +1) , 
respectively: 

• List     

� 

Λ(t)  contains information about the vertices 
consolidated in stage t that can potentially form part of an 
optimum or good quality path. 

• List     

� 

Λ(t +1)  contains the vertices that are tentatively 
generated one-by-one from each vertex of list through the 
possible transitions between stages t and t+1. 

A record     

� 

λ(J(t, j))  of list     

� 

Λ(t) ,     

� 

λ(J(t, j)) ∈ Λ(t) , is 
composed of three elements: 

    

� 

λ(J(t, j)) = J(t, j), LB1(t, j),Γ− (J(t, j)){ }   (25) 

where     

� 

Γ−(J(t, j)) is the vertex of stage t-1 ancestor of     

� 

J(t, j) . 

Although the use of     

� 

Λ(t)  and     

� 

Λ(t +1)  notably reduces 
memory needs, the number of vertices that can be generated for 
a stage can be very large. Therefore, we impose a limitation on 
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the number of     

� 

H (t)  vertices stored in stage t. This limitation, 
called window width, is represented as H,     

� 

H (t) ≤ H  
    

� 

(t = 1, ...,T) . In addition, we set the maximum number of 
transitions from a vertex in stage t to the value n-t. 

Evidently, some vertices tentatively generated in stage t 
will not be recorded in list     

� 

Λ(t +1) , as described in [27]. 

To obtain an initial solution with value   

� 

Z0  (the upper 
bound of the value of Cmax), it is sufficient to use a Greedy 
procedure, a local search, or BDP with a small window width, 
e.g., H = 1. 

We have developed two variants based on BDP: 

1. The ordered pair of values     

� 

(LB1(t, j), em(t, j))  is used as 
priority rule or guide (GZ) to obtain solutions. A partial 
solution is more promising than another when it has a best 
bound for Cmax. In case of tie between two partial solutions  
(equal bound for Cmax), the partial solution with less 
    

� 

em(t, j)  will be considered the best.  

2. In the variant 2, the ordered pair of values 
    

� 

(em(t, j), LB1(t, j))  is used as priority rule or guide (GZ). 
A partial solution is more promising than another when it 
has less value for his partial Cmax. In case of tie between 
two partial solutions  (equal partial Cmax), the partial 
solution with less bound for total Cmax will be considered 
the best.  

Under these conditions, we can write the following algorithm 
(Variant 1 and 2): 

BDP-Fm|block|Cmax 
Input: 

� 

T, n,m, pi,k (i = 1,...,n;k = 1,...,m ), Z0,H  
Output: 

� 

Λ(T)  
Initialization: 

� 

t = 0;Λ(t) = J(0),LB1,−{ };LBZmin = ∞  
while (

� 

t < T ) do 

� 

Λ(t + 1) = ∅{ }; j = 1 
while (

� 

j ≤ H (t) ) do 
i=1 
while (

� 

i ≤ n ) do 
if 

� 

qi(t, j ) = 0  then 
generate vertex 

� 

J(t + 1, ji )  (see (15), (16) and (17)) 
determine 

� 

LB1(t + 1, j i )   (see (23)) 

� 

LBZ = LB1(t + 1, ji )  
Variant 1:  

� 

GZ = (LB1(t + 1, j i ),em (t + 1, j i ))  
Variant 2:  

� 

GZ = (em (t + 1, j i ),LB1(t + 1, j i ))  
if 

� 

LBZ ≥ Z0  then  
remove 

� 

J(t + 1, ji ) 

else if 
  

� 

∃λ(J(t + 1,h)) ∈Λ(t + 1) :
J(t + 1,h)( ∨ ≡)J(t + 1, j i )

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

 then 

reject 

� 

J(t + 1, ji )  
else 

Let 
  

� 

L(t + 1) = {λ(t + 1,h) ∈Λ(t + 1) :
J(t + 1, j i )  J(t + 1,h)}

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

  

if 

� 

L(t + 1) ≠ ∅{ }  then 

� 

Λ(t + 1)← Λ(t + 1) − L(t + 1);
H (t + 1)← H (t + 1) − L(t + 1)

 

end if 
if 

� 

H (t + 1) < H  then 

� 

Λ(t + 1)← Λ(t + 1) +
+ J(t + 1, ji ),LB1(t + 1, j i ),J(t, j ){ }

 

� 

H (t + 1)← H (t + 1) + 1  
else 

� 

g1 = LB1(t + 1,h)
g2 = em (t + 1,h)

 

Variant 1:  

� 

λ(t + 1,hmax ) = argmax
λ (t+1,h)∈Λ(t+1)

(g1,g2 )  

� 

GZmax = (LB1(t + 1,hmax ),em (t + 1,hmax ))  
Variant 2:  

� 

λ(t + 1,hmax ) = argmax
λ (t+1,h)∈Λ(t+1)

(g2,g1)  

� 

GZmax = (em (t + 1,hmax ),LB1(t + 1,hmax ))  

� 

LBZmax = LB1(t + 1,hmax ) 
if 

� 

GZmax ≤GZ  then 
discard 

� 

J(t + 1, ji ) 
else 

replace 

� 

J(t + 1,hmax )  with 

� 

J(t + 1, ji ): 

� 

Λ(t + 1)← Λ(t + 1) − λ(t + 1,hmax )  

� 

Λ(t + 1)← Λ(t + 1) +
+ J(t + 1, ji ),LB1(t + 1, j i ),J(t, j ){ }  

if 

� 

LBZmin > LBZmax  then 

� 

LBZmin = LBZmax  
end if 

end if 
end if 

end if 
end if 

� 

i ← i + 1 
end while 

� 

j ← j + 1 
end while 
Save 

� 

Λ(t + 1); t ← t + 1 
end while 
Save 

� 

Λ(T)  
end BDP- Fm|block|Cmax  

When the procedure ends, we can initially find two possible 
situations: 

• List 

� 

Λ(T )  is empty, which means that we are unable to 
find a solution with a value less than 

� 

Z0 . 
• List 

� 

Λ(T )  is not empty, which means that the records 
contained in 

� 

Λ(T ) , 

� 

λ (T ,h) ∈Λ(T ) , are associated with 
vertices, 

� 

J (T ,h) , whose Cmax is 

� 

em (T ,h) < Z0 . In this 
case, we can regressively reconstruct a sequence from any 
of these vertices with a better value than 

� 

Z0  using the 

� 

Λ(t)  list and the ancestors of the vertices. 

In addition, we can guarantee that we are able to build an 
optimum sequence from the 

� 

λ (T ,h) ∈Λ(T ) ≠ {∅}  records in 
any of the following cases: 

� 

Case 1 : max
0≤ t≤T

H (t){ } < H  (26) 

� 

Case 2 : max
0≤ t≤T

H (t){ } = H⎛ 
⎝ 

⎞ 
⎠ ∧ (em (T ,h) ≤ LBZmin )  (27) 

In any other case, the procedure is heuristic. 
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VI. COMPUTATIONAL EXPERIENCE 
We have performed an operation test with the first 11 sets 

from Taillard’s benchmark instances [9]. The Taillard’s 
benchmark instances consist of 120 instances, grouped in 12 
sets. Each set has 10 instances, each of them with the same 
number of jobs and machines. In our computational experience, 
we have experimented with the first 110 instances from the 120 
supplied. The number of jobs goes from 20 (set 1) to 200 (set 
11) and the number of machines goes from 5 (set 1) to 20 (set 
11). 

To obtain solutions, we have used two variants of BDP 
programmed in C++, compiled with gcc v. 4.01, running on an 
Apple Macintosh iMac computer with an Intel Core i7 2.93 
GHz processor and 8 GB RAM using MAC OS X 10.6.4. 
Neither the implementation nor the compiler used threads or 
any type of parallel code; therefore, the computer can be 
considered a single 2.93 GHz processor. The 110 instances 
were solved using seven correlative window widths,   

� 

H1 to   

� 

H7 
with values 1, 10, 50, 100, 250, 500 and 750, respectively. 

For the initial solution   

� 

Z0, we used the value of the solution 
obtained with the previous width   

� 

Hα−1 for each window width 

  

� 

Hα  (   

� 

α = 1, ..,7 ), except for the case with width   

� 

H1 = 1  in 
which   

� 

Z0 was fixed at 

� 

∞. 

To analyze the experimental results, we used the relative 
percentage deviation (RPD) calculated as follows: 

  

� 

RPD =
BDPBest − Bestsolution

Bestsolution
100  (28) 

Tables I to XI shows, for the sets 1 to 11 from Taillard’s 
instances, the best results reported in the literature (column 
“Best”, obtained from [20]) for these instances and the best 
results obtained (Cmax) for each window width (  

� 

Hα ) and for 
each variant (1 and 2) of the BDP algorithm. We also report the 
best value for RPD for each instance and BDP variant. The best 
results for both variants for Cmax and RPD are show in italics 
and bold face.   

TABLE I.  SOLUTIONS FOR TAILLARD’S SET 1 

 

TABLE II.  SOLUTIONS FOR TAILLARD’S SET 2 

 
 

TABLE III.  SOLUTIONS FOR TAILLARD’S SET 3 

 
 

TABLE IV.  SOLUTIONS FOR TAILLARD’S SET 4 
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TABLE V.  SOLUTIONS FOR TAILLARD’S SET 5 

 

TABLE VI.  SOLUTIONS FOR TAILLARD’S SET 6 

 

TABLE VII.  SOLUTIONS FOR TAILLARD’S SET 7 

 

TABLE VIII.  SOLUTIONS FOR TAILLARD’S SET 8 

 

TABLE IX.  SOLUTIONS FOR TAILLARD’S SET 9 

 

TABLE X.  SOLUTIONS FOR TAILLARD’S SET 10 
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TABLE XI.  SOLUTIONS FOR TAILLARD’S SET 11 

 
In Tables I to XI we can observe that values of RPD are 

between -0,56% and 9,17% in all the instances. RPD negative 
values indicate an improvement to the best solution reported in 
the literature; these improvements occur in 4 instances: 
instances 68, 70 and 92 (with a window width H=500), and 
instance 95 (with a window width H=750).  

We can observe that the improvement for Cmax that occurs 
(on average) between consecutive window widths is clearly 
decreasing. In addition, Cmax values obtained tend 
asymptotically to the best known value of Cmax when we 
increase the window width. 

The average RPD for the 110 instances is 2,66%. The 
average RPD for each set (1 to 11) and variant (1 and 2) are 
reported in Table XII. Table XII also shows average CPU time 
(in seconds) for both variants of the BDP and windows widths 
H=500 and H=750 (for the 11 sets). 

TABLE XII.  AVERAGE RPD AND CPU TIMES FOR THE 11 SETS 

 
Comparing the results obtained by both variants, we can see 

that BDP Variant 1 outperforms BDP Variant 2, in CPU times 
and solutions obtained. 

VII. CONCLUSIONS 
In this paper a BDP (Bounded Dynamic Programming) has 

been proposed for solving the permutation flow shop problem 
with blocking. This type of procedure has been used to solve 
sequencing in mixed assembly lines and assembly line 
balancing problems but, to the best of our knowledge, it has not 
been used to solve the problem here considered. 

The BDP combines features of dynamic programming with 
features of branch and bound algorithms. The main elements 
which define the efficiency of the BDP procedure are the graph 
associated to the problem, the initial solution, the bounding 

scheme used to prune the graph and the window width used. 
The window width limits the maximum number of partial 
solutions retained in each level, therefore it is also necessary to 
define the rules to decide which vertices are pruned. In our 
implementation two different variants has been used. The best 
behavior has been obtained when the priority rule keeps those 
vertices with a best bound of Cmax and in case of ties those with 
the best partial Cmax. Even though we have set the initial 
solution (

� 

Z0 ) to infinite and we have used a simple bounding 
scheme, we have improved the best known solutions for the 
Taillard’s instances number 68, 70 and 92 with a window 
width of 500, and instance number 95 with a window width of 
750, in a competitive time. 

Future research will focus on using an improved bounding 
scheme more adapted to the characteristics of the problem 
which, combined with a better initial solution as the MME2 
proposed in [20], could help to improve the efficiency of the 
procedure. 
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